We study the rational L.S. category of path components of function space components for F 0 -spaces to determine which are finite and which infinite. Our results include both new cases and extensions of a famous conjecture of S. Halperin concerning the rational homotopy of F 0 -spaces.
cohomology of X is generated by three or fewer elements by Lupton [6] and when the polynomial relations in the rational cohomology of X are monomials by Markl [7] . Thomas [12] and Meier [8] have observed that the Halperin conjecture can be viewed as a problem concerning the rational homotopy of function spaces. Let M (X, Y ) denote the space of all continuous functions from X to Y with the compact-open topology. Given a map f : X → Y let M f (X, Y ) denote the component of M (X, Y ) containing f . Theorem 1.1 ( [8, 12] ) The Halperin conjecture is true for an F 0 -space X if and only if the rational homotopy groups of the identity component M 1 (X, X) are oddly graded.
2
Theorem 1.1 provides a link between the Halperin conjecture and the theory of rational L.S. category. Given a space S, let cat 0 (S) denote the rational L.S. category of S, as defined and studied by Félix and Halperin in [2] . Note that M 1 (X, X) is a topological monoid with multiplication given by composition of functions. The only rational H-space with finite rational category is a product of odd spheres. Thus Theorem 1.2 The Halperin conjecture is true for an F 0 -space X if and only if cat 0 (M 1 (X, X)) < +∞.
By Theorem 1.2, the Halperin conjecture can be interpreted as a special case of a general problem in the rational homotopy theory of function spaces: namely, given a map f : X → Y between F 0 -spaces X and Y , determine whether the rational category of M f (X, Y ) is finite or infinite. The purpose of this paper is to study this problem with an eye toward confirming new special cases of the Halperin conjecture. More generally, our goal is to discover the extent to which the Halperin conjecture "extends" to other function space components. In [1] , Y. Félix made the observation that "the category of [function space components] is often infinite". Our results indicate that this observation applies, as well, to function space components for F 0 -spaces. However, as we shall see, there are important examples where the Halperin conjecture is generic and the identity component is just one of a class of components all of finite rational category.
2. Haefliger's Model for F 0 -spaces. We describe Haefliger's model [3] for components of the free and based function spaces M (X, Y ) and M (X, Y ) * when X and Y are F 0 -spaces. In this section and throughout, all homology, cohomology and homotopy groups are assumed to be rational.
In [4] , Halperin showed that the rational cohomology of an F 0 -space X is of the form H * (X) = Λ(x 1 , . . . , x n )/(P 1 , . . . , P n ) where the x i are of even degree and the P i = P i (x 1 , . . . , x n ) form a regular sequence of polynomials in the free algebra Λ(x 1 , . . . , x n ). His result implies the Sullivan minimal model
. . , x n ) is the evenly graded space of generators, V 1 = I Q(y 1 , . . . , y n ) is the oddly graded space of relations and d X (y i ) = P i .
The simple rational structure of F 0 -spaces X and Y implies a Sullivan model for components of M (X, Y ) can be constructed directly from a generalized Postnikov decomposition of Y (see [10] ). Let f : X → Y be a given map and write the minimal model of 
, where
, where here
To describe the differentials d f and d * f , fix an additive basis {a k |k ∈ I} for H * (X). Let {x 1 , . . . , x n } and {y 1 , . . . , y n } be bases for V 0 and V 1 , respectively, and suppose d Y (y i ) = P i (x 1 , . . . , x n ). The space Z 1 is spanned by elements of the form b ⊗ y i where b ∈ H * (X) and |b| < |y i |. If |b| > 0 as well, then b⊗y i ∈ Z 1 . We view H * (X) as the dual space to H * (X) and adopt Haefliger's notation, letting b ∩ a ⊗ P = b(a) · P for P ∈ Λ(Z 0 ). By the proof of [10,
. . . ,
The following "normalization" lemma is useful for dealing with nonminimal two-stage models.
Proof. The elements of least degree in W 0 are the images of elements of V 1 under d. We replace (A, d) by a quasi-isomorphic model in which these least degree elements and an isomorphic subspace of their preimages in V 1 have been removed. The corresponding subspace W 0 in the new model has higher connectivity. The result thus follows by induction. 2
Given a model (A, d) for a simply connected space X with A = Λ(V ) let A + denote the elements of positive degree and observe that [11] . Note that this isomorphism exists as well when X is a nilpotent complex and (A, d) is a two-stage model, as can be seen by first normalizing the model to remove the linear relations in degree one. Solving for the basis elements a * k ⊗ x n of Z 0 and Z 0 in equations (1) and (2) above we obtain formulas for the linear differentials in the models
Remark. By Theorem 1.1, the Halperin conjecture is true for an F 0 -space X if and only if Q(d 1 ) : Z 1 → Z 0 is surjective. Thus the first formula of Lemma 2.2 provides another interpretation of the Halperin conjecture in terms of the partial derivatives of polynomial relations (compare [9] ).
3. First Consequences of the Models. We use Lemma 2.2 and results of [2] to prove Theorem 3.1 Let X and Y be F 0 -spaces. Then, for any map f :
Proof. Since Y is simply connected, evaluation at the basepoint of X defines a rational fibration ξ :
# is surjective in even degrees. But this means that, by definition, k ξ is the dimension of a subspace of π * (Y ) -a finite-dimensional space. 2 We next define two numeric invariants of the rational homotopy of F 0 -spaces X. Let l(X) and u(X) denote, respectively, the bottom and top degrees of the space V 0 of even degree generators of the minimal model of X. In other words, l(X) = min{2n|π 2n (X) = 0} and u(X) = max{2n|π 2n (X) = 0}.
Note that l(X) is one more than the rational connectivity of X. The following results illustrate the significance of the difference u(Y )−l(X) for the rational homotopy of components of M (X, Y ): Proof. If u(Y ) ≤ l(X), the result follows from Theorem 3.2. Suppose that u(Y ) > l(X). Choose nonzero elements a ∈ H l(X) (X) and
* ⊗ x i and a * ⊗ x i are closed elements of Z 0 which are clearly not exact. By hypothesis, we can find j so that P j (x 1 , . . . , x n ) = x k i for some k. Taking 1 and a to be elements of our basis for H * (X), observe that for any b ∈ H * (X)
represents a nontrivial Massey product in the rational cohomology of M 0 (X, Y ). 2 Remark. Theorem 3.3 implies rational indecomposability results for nullcomponents as studied integrally by Hansen in [5] . For example, it is easy to see that if X = S 2k × S 2n then M 0 (X, X) * is a formal space. However, if k = n, M 0 (X, X) is not formal by Theorem 3.3. Thus, for k = n, M 0 (X, X) Q I X × M 0 (X, X) * .
Components of Finite Category.
We begin this section by establishing the following partial converse to Theorem 3.1. Proof. Our first hypothesis assures us that all elements of Z 0 have strictly smaller degree than the elements 1
This means that if an element a * k ⊗ x i appears as a linear summand in a differential d f (b ⊗ y) then no term 1 * ⊗ x j can appear in this same expression. In other words, if
Our second hypothesis implies that Q(d * f ) : Z 1 → Z 0 is surjective. Combined with the above, we see that the subalgebra Λ(Z 0 ) of A f is in the image of d f . By Lemma 2.1 we may replace (
where Z 1 is a subspace of Z 1 and we view V 0 as spanned by the elements 1 basis {x 1 , . . . , x s , z 1 , . . . z t } be a space of even degree generators of H * (Y ) where |x i | ≤ l(X) and |z i | > l(X). Let P 1 , . . . , P s+t ∈ Λ(V 0 ) be the polynomial relations for H * (Y ). Using Theorem 4.1, we prove Theorem 4.4 Let X and Y be F 0 -spaces with u(Y ) − l(Y ) < l(X). Suppose that for each z j there is a polynomial P i such that P i actually lies in Λ(x 1 , . . . , x s , z j ) and, for each nonzero
Proof. Since P i ∈ Λ(x 1 , . . . , x s , z j ) by Lemma 2.2 we see that, in the model
Our hypothesis thus implies Q(d * f ) : Z 1 → Z 0 is surjective. The result follows from Theorem 4.1. 2 Corollary 4.5 Let X be an F 0 space with u(X) < 2l(X). Suppose the polynomials relations for H * (X) are of the form P i = z k j P i where k ≥ 0 |z j | > l(X) and P i involves only variables of degree l(X). Then the Halperin conjecture is true for X.
Proof. Given z j we may clearly find P i as above with k > 0. Suppose a ∈ H <|z j | (X) is nonzero. Since |a| < |z j | we may view the product a · ∂P i ∂z j as an element of the space Λ(V 0 )/(P 1 , . . . , P i , . . . , P s+t ). Now if a ·
That is, P i is a zero-divisor in the space Λ(V 0 )/(P 1 , . . . , P i , . . . , P s+t ). But this contradicts the fact that P 1 , . . . , P s+t is a regular sequence in Λ(V 0 ). 2
To remove the hypothesis u(Y ) − l(Y ) < l(X) from Theorem 4.4 we must further restrict the polynomials involving elements of degree > l(X). 
Proof. We show that the subalgebra Λ(Z 0 ) in the model (A f , d f ) is in the image of d f . The result then follows by the proof of Theorem 4.1.
. By equation (1),
Thus, by our hypothesis, d f maps onto the elements of minimal degree in Z 0 .
As in the proof of Lemma 2.1, an induction argument now implies
The special case X = Y and f = 1 here yields a generalization of the result of Markl [7] . 
Proof. Choose an element x i ∈ V 0 , the space of even generators of the minimal model of Y , with 
2
Specializing to null-components we can improve Corollary 5.2 to Theorem 5.3 Let X and Y be F 0 -spaces with
Proof. By Theorem 5.1, it suffices to produce a nonzero element a ∈ H * (X) with |a| ≤ 1 2 dim(X) + l(X) and a 2 = 0. Let x ∈ H l(X) (X) be nonzero and let n > 0 be the least integer with x n = 0. If (n − 1)l(X) ≤ 1 2 dim(X) + l(X) we let a = x n−1 . Otherwise, we may choose m so that 1 2 dim(X) < |x m | ≤ 1 2 dim(X) + l(X).
By degree considerations, x 2m = 0 and so we let a = x m . 2 Remark. Observe that dim(X) = We conclude with an example which illustrates the dichotomy between components of finite and infinite category for the function space of self-maps of a particular F 0 -space. Theorem 5.4 Let S be a product of even spheres and f : S → S a map. Then cat 0 (M f (S, S) * ) < +∞ if and only if f * : π n (S) → π n (S) is an isomorphism for all n > l(S).
Proof. If f * : π n (S) → π n (S) is an isomorphism for all n > l(S) then, in fact, cat 0 (M f (S, S)) < +∞ by Theorem 4.6. Suppose, conversely, that f * (x i ) = 0 for some even degree x i ∈ π >l(S) (S). Since f * (x i ) = 0, the elements a * k ⊗ x i ∈ Z 0 represent nonzero classes in the cohomology of M f (S, S) * . Since a 2 k = 0 for all k, by equation (2), the only relations among these classes are of the form (a * k ⊗ x i ) · (a * j ⊗ x i ) for a k = a j . It follows easily that the cohomology of M f (S, S) * has infinite product length. 2
